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The notion of a quiver was introduced by Gabriel in [2]. We are dealing 
with the determination of relative invariants of representation varieties 
attached to quivers. To be more precise let us first recall the basic concepts. 
A quiver Q consists of two finite sets Q, the set of “points” and Q, the set of 
“arrows” and that for all a E Q, there is assigned its starting point 01’ E Q, 
and its end poit a” E Q,. Let k be an algebraically closed field. A represen- 
tation of Q is given by finite dimensional k-vectorspaces Vi, for i E Q, and 
k-linear maps 4,: V,, + V,,, for all a E Q,. It is well known that the 
representations of Q form an abelian category, usually denoted by Y(Q) and 
that Q is of finite type (those where Y(Q) admits only a finite number of 
indecomposable objects) iff the underlying graph of Q is a Dynkin diagram 
and that Q is of tame type iff the underlying graph of Q is a Euclidean 
diagram. Let V = (V,, 4,) be a representation of Q, then the dimension type 
of V is defined as dim V= (dim, Vi),saO. This is a positive integral vector in 
Q”, n equals the number of points in Q. Now let d = (di,..., d,) be a 
dimension type and V = (Vi, $,) a representation of Q with dim V = d. We 
can assume that Vi = kdi. The set of all representations of Q with dimension 
type d is given by 
This clearly forms an algebraic variety and we have a natural group action 
by Gd = niep,, G&,(k) such that the isomorphism classes of representations 
V of Q with dim V = d correspond bijectively to the orbits in &(Q) under 
the action of G,. We want to describe the relative invariants of this action. 
Recall that a relative invariant is a regular functionfon JdQ) satisfying the 
following property. There exists a character x of Gd such that 
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f(x) =x( g)f(x), for all x E&(Q) and all g E G,,. Notice that if Q has no 
oriented cycles, then absolute invariants (relative invariants corresponding to 
the trivial character) do not exist. From now on we restrict ourself to the 
case where Q is of finite or tame type and Q has no oriented cycles. Thus we 
leave out one special orientation of 2,. 
In this paper we deal with the case where &(Q) admits an open orbit. 
Note that this is always the case when Q is of finite type. If Q is of tame 
type, the possible dimension types with open orbit have been calculated in 
[7]. The other case will be considered in [3].’ 
1. THE OPEN ORBIT CASE 
We keep the notions of the introduction and assume throughout hat d is a 
dimension type such that .&(Q) admits an open orbit. We also consider the 
following algebraic group S, = nisQo SL,,(k) acting clearly on &(Q). We 
recall now one main fact on the structure of relative invariants due to Sato 
and Kimura [9]. Observe that their proof works in any characteristic of the 
given field k. Let X be a representation i  AAQ) such that the orbit of X 
under Gd, denoted by GIX, is open in Ad(Q). Consider the special set 
S =-nd(Q)\G,,X. This is a closed subvariety of &(Q). Let S, ,..., S, be the 
irreducible components of S of codimension 1. (Observe that S = l-l:=, Si iff 
the endomorphism ring of X is semi-simple [6].) Now let fi ,...,A be 
irreducible polynomials in k[.&(Q)], th e ring of regular functions on &(Q), 
with the property that S, = Vdfi) = {x E A”(Q) If,(x) = 0) for 1 Q i Q C. Then 
the theorem of Sato and Kimura states: fi,...,f, is a generating system of 
algebraic independent relative invariants for the action of Gd on &(Q). 
We want to give another interpretation of this result. Denote by 
k[dAQ)lSd the ring of (absolute) invariants corresponding to the S&action 
On -‘f&h 
PROPOSITION. The map 71: Md(Q) + A’ is the quotient map 
x + cfl(XLf,(X)> 
of the operation of S, on Yn,(Q). 
Proof: It is enough to show that k[Ad(Q)lSd = k[f, ,...,&I. The inclusion 
k[f, ~..Jil = kb%i!)l”” is obvious. Consider now the semi-direct product 
’ This article contains parts of my doctoral thesis at the University of Bielefeld, written 
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G, = S,, . Td, with T,, a torus. Since Sd is normal in G,, T, operates on 
R = k[.&(Q)lSd. This operation induces a decomposition R = GXEXtTd) R, 
(Rx the weight space of the character x) (see, for example, [ 11). Now let 
f E R,, then f is a relative G=invariant corresponding to the character x. But 
then it follows from the theorem of Sata and Kimura that f belongs to 
klf, Y4. 
Now we want to compute the number of relative invariants in this 
situation. We can assume that the dimension type d satisfies supp d = 
(i E Q, 1 d, # 0) = Q,. Let X be a representation i  the open orbit. Then we 
can clearly decompose it as follows: X= @f= I m,X, with the Xi indecom- 
posable and pairwise non-isomorphic. As a simple consequence of the Artin- 
Voigt lemma (for an easy proof see [7]) we conclude that Ext’(X, X) = 0. 
And we will call representations with this property generic representations. 
We need the following lemma which holds for arbitrary quivers. 
LEMMA. Let X = @f=, m,X, be a generic representation. Then the 
vectors di = m, dim X, are linearly independent. 
ProojI Assume d, ,..., d, are linearly dependent. Thus there exist 
1 ,,..., I, E Z such that CS=, Aidi = 0. We can assume that the &‘s are 
ordered in such a way that 1, ,..., L, > 0 and A,+ ,,..., A, < 0. Let ,U~ = -pi for 
r + 1 < i < k Thus we obtain (*) CF=r I,d, = CJ=,+ I ~idi. Since X is a 
generic representation, also @;=, llimiXi and @is=,+, ,u,mjXj are generic 
representations, But this is a contradiction to (*). 
COROLLARY. Let Q be a quiver with n points and X, ,..., X,,, , pairwise 
non-isomorphic indecomposable r presentations of Q. Then there exist i, j, 
i#j with Ext’(Xi,Xj)ZO. 
THEOREM. Let Q be a quiver of Jinite or tame type and d a dimension 
type such that Ad(Q) admits an open G,,-orbit, which is generated by 
X = @i= 1 miXi. Then the quotient of Ad(Q) by s,, is isomorphic to A”-‘. 
Proof: Let x:Md(Q) + A* the quotient map. From the theorem of the 
dimension of the fibres it follows that there exists an open subset P in A’ 
with the property that for all u E P we have dim n-‘(u) = dim.A’,‘,Q) - t. 
Since K is the quotient map there exists an open subset M’ in A’ such that for 
all u’ E %’ we have dim x-‘(u’) = dim S,X. Thus we conclude: 
t = dim Md - dim S,X 
= dim Jd - dim S, + dim St,,X 
= n - (dim End X - dim StsdX) 
(where St,,X denotes the stabilizer of X under the action of Sd). Thus it 
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remains to show that dim End X- dim St,,X = s. We can assume that 
X i ,..., X, are ordered in such a way that for j > 1 we have Hom,(XJ, X,) = 0. 
Denote by Gi the image of the projection of St,,X onto GL,Jk). Then the 
assumption on the ordering just means that Gi is cointained in a parabolic 
subgroup of GL&). Consider now the following s x n matrix M oner Q 
with M, = (dim Xi)i for 1 < i < n, 1 <j < n. Let T = (k*)S be a torus and let 
A i,..., I, be the projection characters of T. Consider now the characters 
x, ,..., xn with xi = 2y1i .a. Jysi and let K = n;=, ker xi, then we get clearly 
the following equation: dim End X - dim StsdX = codimension, K. But the 
previous lemma tells us that rank M = s, thus x, ,...,x. generate the full 
character group X(T). Thus dim K = 0 and s = dim End X - dim S&X. 
Let Y be a representation in &(Q). Y is called subgeneric if 
Ext ‘( Y, Y) = k. With this notion we derive the following result quite easily. 
Let Q be a quiver of finite type. And let X be a generic representation. 
Denote by n(X) the number of isomorphism classes of simple factors 
occurring in a composition series of X, by s(X) the number of isomorphism 
classes of indecomposable direct summands of X, by t(X) the number of 
isomorphism classes of subgeneric representations Y, with dim Y = dim X. 
COROLLARY. n(X) - s(X) = t(X). 
We finish this section with some additional remarks on the above formula. 
(1) If d is a root in the corresponding root system with full support, 
then the formula says that we obtain n - 1 subgeneric orbits in the represen- 
tation variety &v,(Q). Furthermore if one takes the longest root, one can 
study the intersection pattern of these subgeneric orbits and can derive from 
this the underlying graph of the quiver Q we started with; see Sections 3 and 
4. 
(2) If d is a dimension type with the property that in &(Q) there are 
no subgeneric orbits or equivalently there do not exist nontrivial relative 
invariants for the action of G, on &(Q), then the generic representation Tin 
NJQ) is a tilting module in the sense of [5]. This property of a tilting 
module in the hereditary case seems to be very useful in explicit 
constructions of tilted algebras. 
2. EXAMPLES 
In this section we want to study the representation varieties in more detail. 
But let us first recall the well-known concept of degeneration. Thus given two 
representations X, YE&(Q) we say that X degenerates to Y if Y is 
contained in the closure of the orbit of X under the operation of G,. 
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First we want to determine the degeneration structure of representation i  
.nt;(AJ, with 1 being the longest root. We can identify &(A,,) with the n - 1 
dimensional affine space A”-‘. The isomorphism classes of representations 
in J(,4J are clearly given by the following set {(a, ,..., a,- ,) E A”-’ 1 a, E 
(0, 1 )}. Thus there are 2”-’ classes. Now let X, Y be two representations in
JR,(A,J given by X= (a, ,..., an-,) and Y= (b, ,..., 6,-,) such that 
ai, b, E (0, 1 }. Then we have: X degenerates to Y iff for bi = 0 also a, = 0. 
This is rather easy to see. This implies that the diagram of degeneration is 
just the n - 1 dimensional cube. By definition an s-dimensional cube is the 
partial order given by inclusion on the power set of a set of s elements. For 
illustration we have included these partial orders for n < 5. 
*1 O *2 
x 
p3 
0 
*4 
@ 
*s 
Observe that this result holds in a slightly more general situation. For this 
let Q be an arbitrary quiver with n points such that Q is a tree. Let d = 
(1 1 *** 1 1). Then we conclude that the diagram of degenerations i again an 
n - 1 dimensional cube. 
As a second example we want to show that the zero-fibre of the quotient 
map n:.&(Q) + A’ is not an irreducible subvariety of &(Q). For this we 
choose the quiver D, with subspace orientation, this is 0 + 0 + OqO and d 
will be the longest root. We want to determine the diagram of degenerations 
of the zero-libre n-‘(O) in this situation. We first list the Grorbits in ~‘(0). 
They are given as sums of positive roots. In the last column we have given 
the dimension of the stabilizer. 
Symbol Representation dim St 
M, 
0 
ool~+oIl~+lIoo 4 
M2 
0 
lll~+ooI~+oloo 4 
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Symbol Representation dim St 
5 
5 
5 
5 
5 
5 
6 
6 
6 
6 
6 
6 
6 
Symbol 
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Representation dim St 
Ml8 011~+001~+000~+000~+1 0 loo 7 
Ml9 001;+001~+000~+1 lo~+oloo 0 7 
Mm O1l~+OOl~+OOo;+Olo~+looo 0 7 
M*, loo~+ooo~+OOO~+oll~+olo~+oo~o 0 8 
Mn 001~+001~+010~+010g+100 0 
0 
8 
Mu Ool~+OOO~+loo~+OlO~+olo~+oolo 0 9 
Mu 1 lo~+ooO~+OOO;+OloO+Ool~+ool 0 
0 
9 
M25 OOl~+OOO~+lOo~+olO~+olo~+oolo 0 9 
M*, 100~+010~+010~+001~+001~+000 0 
1 
+ooo; 11 
It is rather easy to see that these representations actually lie in the zero- 
libre. For this we compute the relative invariants in the situation. We choose 
the following coordinates 
0 
J 
Y 
o+oLo 
2 s 
0 
Then we know there are four relative invariants, which generate all relative 
invariants. These are f, = det /I, fi = detG),f, = det(“:),f4 = det(“t). 
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Te next scheme shows the diagram of degeneration i  z-‘(O). 
M26 
This example shows that the zero-fibre is in general not irreducible. 
Furthermore it is easily seen that we do not get an equidimensional fibration. 
We do not want to give the tedious proof. The indicated degenerations are 
easily constructed. Furthermore it is not complicated to show that the 
diagram is complete, that is, that there are no more degenerations. 
3. THE RELATIVE INVARIANTS FOR THE LONGEST ROOT 
This section is devoted to the explicit construction of the relative Gr 
invariants for the quivers of finite representation type. We will only give 
them for the so-called subspace orientation (see orientation below). Observe 
that by a theorem of Kac [5] the change of invariants can be controlled 
when changing the orientation. 
We are looking for n - 1 irreducible polynomials with the properties 
stated in the introduction. We will construct these by a case-by-case 
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inspection. Besides this we will give the subgeneric representations in terms 
of positive roots. For the proofs see remark at the end of this section. 
Case A,,, n>2. 
This is the following graph (observe that we do not choose an orientation) 
o-o-o * * * o-o-o (in points). 
The longest root is given by 1 . . . 1. Thus the representation variety &(A,) is 
the atfine space A”-’ and the relative invariants are just the canonical 
projections to the affrne line. The subgeneric representations Si, 1 < i < n - 1 
are given by 
Case D,, n>4 
This is the following quiver 
0 
where the a, &, yj both are names of the arrows, and, for a given represen- 
tation, will also denote the corresponding linear map. The longest root 1 is 
given by 12 . . . 2:. Denote by /I the product /?, . ..e mp,-,. 
The relative G,-invariants are given byfi = det pi, 1 < i < n - 4, 
The subgeneric representations are given by 
si=1..*12...2 ; +Ol a** lO...O 
0 
- 0’ 
l<i<n-4, 
1 
1 0 
s,-,=Ol 1-m. 1 1 +l 1 *a* 1 o’ 
S 
n-2 
= 
1 1 
0 0 1 . . . 
1 
:,,Ol...l a.0 
1, s,-,=ll*.*l 
1 
+01 1 
0’ 
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Case E, 
This is the following quiver 
0 
The longest root is given by 1 2 ; 2 1. The relative Grinvariants are given by 
The subgeneric representations are given by S, = 0 1 i! 2 1 + 1 1 i 0 0, 
&=12;11+00~ 10, s,=i2bo+ooi ii, s,=11;21+ 
01f00,S5=11~11+01i10. 
Case E, 
This is the following quiver 
The longest root is given by 1 2 3 i 3 2. The relative invariants are given by 
PIP2 0 
f6 = z3 ay, ( 1 * 0 al a2a3 
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The subgeneric representations are given by S, = 1 2 3 I! 2 1 + 
000;11, +122;21+001~11, +0121.11+111121, 
S,=lll;ll+012~21, S,=112;21+011~11, s, = 
011~21+112~11. 
Case E, 
This is the following quiver 
0 
I 
Y 
O”‘-0~0-20~0.4202-0. 
The longest root is given by 2 3 4 5 i 4 2. The relative invariants are given 
by 
The subgeneric representations are given by S, = 1 2 3 4 i 3 1 + 
1111; 11, S,=1112;21+1233;21, S,=1123;32+ 
1222; 10, S,=1234;32+1111~10, S,=1223;32+ 
1122110, S,=1233~31+1112~11, s,=1122;21+ 
1223;21. 
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For the proof it is easily seen that the given f;: are in fact irreducible 
relative invariants. On the other hand using the explicit construction of the 
indecomposable representations in the several cases in [2] it is easily 
computed that thef, do not vanish on the open orbit in d(Q). 
4. THE INTERSECTION PATTERN 
Let us start with introducing a general definition. Let Z be a finite index 
set. A symmetric function A: Z X Z-1 IN = { 1, 2, 3,...} is called an inter- 
section matrix if the following property holds: 
There is a disjoint decomposition of Z = U&i Zj such that A@, t) = 1 for 
s#tEZj and A(s,t)# 1 for sEZj, tEZ,,j#k. Let A be an intersection 
matrix with decomposition of Z = U r= i Ii. Such a decomposition is (up to 
renumbering) uniquely 
following graph Z, . 
mi edges 
determined. Let rni = ]Zj] . We will associate to A the 
m2 edges 
. . - 
m1 edges 
. m r edges 
In our situation we will define a matrix AdK,, in the following way. Let 
Z = {subgeneric orbits} which we can identify with {l,..., n - 1) and let 
AM,~,,W) = # 
1 
isomorphism classes of representation i tii n Tij 
with three dimensional endomorphism ring I ’ 
We will now compute the matrices AAca, for the different cases. It turns 
out that for a subclass of representations this can be done in a theoretical 
way. A representation V of Q is called reductive if the endomorphism ring of 
V is semi-simple. 
SUBGENERIC ORBITS OF QUIVERS 457 
Let 
=# I isomorphism classes of reductive representation i 0, n 4 with three dimensional endomorphism ring I 
PROPOSITION. The intersection matrix of reductive representations is 
given by 
A5,ta,(i,j) = n - 2 i=j 
= 1 izj. 
Proof. In the case A,, this is easily computed. On the other hand let 
S, = n SL,i(k) and let Y, be the quotient of d(Q) by S,. From Section 2 it 
follows that Y, = A “- ’ which we can interpret as &(A.). Consider now the 
quotient map n:&(Q) + &(A”). Then it is easily seen that a representation 
V of Q is subgeneric if and only if aV is subgeneric in &(A,). Now let 
x = (Xl ,..., X,-l ) in &(A,,). Denote by I’, a representation of Q in the closed 
Srorbit in the fibre Z-‘(X), By [6] it follows that I’, is a reductive represen- 
tation. And it follows that A’(i, i) > n - 2 and A ‘(i, j) > 1 for i #j. Now let 
V be a reductive representation of Q with three dimensional endomorphism 
ring. Thus End I’= k x k x k. It remains to show that the Srorbit of V is 
closed. The representation V decomposes into I’, 0 I’, 0 V, and using the 
non-symmetric bilinear form of [8] it is easily seen that dim Vi, 1 < i < 3, 
are linear independent. Now we have to use the fact that the stabilizer of V 
under S, is trivial. 
Now we have to compute the non-reductive representations in J,(Q) with 
three dimensional endomorphism ring. This will be done by a case-by-case 
inspection. We will do this only for the so-called subspace orientation (see 
Section 2). The other possible orientations are analogous. Besides this we 
will also give the matrix of non-reductive representations. Observe that this 
matrix is independent from the orientations, whereas the form of represen- 
tations usually will change. We do not want to give the tedious proofs of the 
stated results. 
Case D, 
There are n - 3 non-reductive representations of the following form: 
y,=o1...12...2 
1 0 
1 
+l...lO...O 
0 
for 1 < i < n - 4, 
L 
Y 
1 0 
n-3 = 1 *.- 1 +Ol a*. 
1 
1 
0 
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with matrix, which we will write in a suggestive way: 
/l 1 1 
1 1 . 0 1 . . . *. 0. . .l 1 n-3 i : n-3 i9 . 
\l . . . . . . 1 n-3 n-31 
Case E, 
There are four non-reductive representations of the following form: 
Y,=12;21+00~00, Y~=121.21+00;00, Y,=lAo+ 
0 1 i 1 1, Y4 = 0 1 i 1 1 + 1 1 i 1 0 with matrix 
i 02 11202. 0 21 0 21 2 1 4 2 1 
Case E, 
There are six non-reductive representations of the following form: 
Y,=123;21+000~11, u,=122;21+001i ii, Y, = 
012;21+111~11, Y4=123~31+OO0601, Y42211lf 
001~21,Y6=112~21+011~11withmatrix 
‘2 0 0 1 1 2 
020112 
002112 
111303 
111033 
,2 2 2 3 3 6 
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Case E, 
There are eight non-reductive representations of the following form: 
Y,=l345:42+1000;00, Y,=1234;42+1111;00, 
Y,=1233;32+1112;10, Y,=1234~21+1111~21, 
Y,=1223~31+1122;11, Y,=1234;42+1111iOO, 
Y,=1222;21+1123;21, r,=1123;21+1222~21 
with matrix 
-2000112 
0200112 
0020112 
0020112 
1111404 
1111044 
,2 2 2 2 4 4 8 
THEOREM. Let Q be a quiver of finite type and let TAJ,cp, be the graph 
associated to the intersection matrix of subgeneric orbits. Then r, xI(Q, = 0 
(0 denotes the underlying graph of Q). 
Proof: By adding up the corresponding matrices of reductive and non- 
reductive representations the required decomposition of the index set is easily 
established. 
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